SOLVING PARABOLIC PDES VIA WEAK APPROXIMATIONS OF SDES

BRIAN J. LEE

ABSTRACT. We provide an introduction to Monte Carlo methods for approximating solutions to a wide class
of parabolic Cauchy problems. The central tool is the Feynman-Kac formula, which represents solutions
of these PDEs as a functional integral over Wiener paths. To approximate these quantities numerically, we
introduce weak approximation schemes for stochastic differential equations and show how they give rise to
Monte Carlo estimators based on a sample mean. We additionally discuss techniques for estimators with
reduced variance using an appropriate change of measure.

1. INTRODUCTION

As a motivating example, we begin by considering the d-dimensional heat equation with decay:
atU’(ta :E) = KAU(Z'Z,ZE) - y(x)u(t, l’), U(O, :L‘) - f(l’) (11)

where k > 0, u € CY%([0,T] x R%R), and v € C(RY) is lower bounded. Here,  is often referred to as
the diffusivity and ~ is often referred to as the decay rate (note  here is spatially-dependent). In the case
of 7 = 0, we recover the standard heat equation

ou = kA (1.2)
which admits the explicit heat-kernel representation [LeG16]:

1 2
u(t,r) = fRd f(y)W exp (—%) dy. (1.3)

In the general case, one can instead write solutions to (1.1) as a Wiener integral

t
u(t,z) =E {exp (—J v(x + V2K W) ds) flz+ \/ﬂWt)] : (1.4)
0

due to the Feynman-Kac formula. In either case, however, the solutions (1.3) and (1.4) typically can not
be written down in closed-form, and one has to resort to numerical methods to approximate solutions to
(1.1) instead.

One straightforward deterministic approach is to discretize (1.1) directly by truncating R? to a large
bounded domain, say D = [— R, R]%, and proceeding with a finite difference scheme. Taking a mesh size
Az = 2R/M, we obtain a grid with M points in each coordinate direction for a total of O(M?) total grid
points. If U* denotes an approximation to u(nAt, z;), the standard central-difference approximation of
the Laplacian is

d
ur. =200 +U!
AA;;;U:L _ 1+e€p 1 z—el’

;1 (Az)?
where ¢, is the /-th coordinate vector. The explicit finite-difference scheme for (1.1) is then given by

d

ur. =200 +U"
UM = U+ At k) — % — () U] | (1.5)
( ;1 (Az)?

Finite difference schemes remainsimple and effective in low dimensions and thus remain the preferred

method for numerical approximation in these regimes. For higher dimensional PDEs, however, these
1
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approaches quickly become computationally infeasible due to the grid size’s exponential dependence on
the dimension d.

In this paper, we introduce an alternative probabilistic approach based on Monte Carlo estimation of
Feynman-Kac solutions of PDEs such as (1.4). In particular, we consider the class of parabolic Cauchy
problems of the form

owu(t,x) = Lu(t,z) — q(z)u(t, z), u(0,z) = f(x), (1.6)
where the elliptical operator
d d
£6() = Va()ds(a) + 3 3 ey(@)ogola),  elr) = o@o(x)” 17
i=1 ij=1

is given by the infinitesimal generator of a (time-homogenous) d-dimensional It6 diffusion:
dXt = Cl(Xt)dt + O'(Xt)th X() =XT. (18)

where a : R? — R% o : R? — R™™, and W is a m-dimensional Wiener process. Throughout this paper,
we assume that both a and o are globally Lipschitz with at most linear growth, so that the diffusion SDE
a unique nonexplosive strong solution. The core idea of the Monte Carlo method then, is to create nu-
merical approximations for the process (X;)= to estimate the corresponding functional integral given by
Feynman-Kac. Because we consider only functions of the Itd process in the Feynman—-Kac expectations,
it suffices to have good approximations of the probability distribution of X; rather than a close approxi-
mation of the sample paths themselves. This leads naturally to the idea of weak approximation which we
use to analyze our numerical solvers.

We organize the paper as follows. In Section 2, we prove the Feynman-Kac formula for parabolic PDEs
of the form (1.6) and then suggest simple Monte Carlo estimators for (1.6) based on simple sample averages
of the corresponding Wiener integral. In Section 3, we introduce the notion of weak approximation of SDEs
and use them to analyze the systematic error of various estimators. In Section 4, we consider the variance
of our Monte Carlo estimators and develop a variance reduction method based on an appropriate change
of measure.

2. THE PATH INTEGRAL FORMULATION FOR PArRABoOLIC PDEs

The Kolmogorov forward and backward equations provide a key connection between stochastic differ-
ential equations and certain types of parabolic PDEs. The Feynman-Kac formula, a direct corollary of
the backward equation, additionally enables one to write down solutions to such a PDE as a functional
integral over Wiener paths.

2.1. The Feynman-Kac Formula. We begin with a concise proof of Feynman-Kac in the case of time-
homogenous diffusions (which notably admit a semigroup) and show how it can be used to model solu-
tions of (1.1). We streamline the presentation of [Oks03], making extensive use of the Theory of Markov
Processes, for which we refer the reader to Chapter 6 of [LeG16] or Chapter 8 of my personal notes.

Theorem 1 (Feynman-Kac). Let X = (X;)i= be an R%-valued Itd diffusion with generator L given by (1.7)
and SDE given by (1.8). If f € C2(R?) and q € C(R?) is lower bounded, then

ult,7) = B, [ a0 f(x,)] (2.1)
is the unique (classical) solution of the Cauchy problem
owu(t, z) = Lu(t,z) — q(z)u(t, x), u(0,-) = f, (2.2)
among functions u € C+2((0,0) x R?) that are bounded on [0,T] x R for every T < oo.


https://www.brianjsl.com/files/notes/18.676_notes.pdf
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Proof. Let (Q););>0 be the transition semigroup of X, and define

A, = f ((X)ds,  Qlg(x) = Eufeg(X,)].

By the Markov property and the additivity of ¢ — A;, we have that (Qf);>o satisfies the Chapman-
Kolmogorov equations and that it is a semigroup. Moreover, for g € C2(R?),

H -A
hg(x) —g() Qng(x) — g(x) e “h —1
= E, | ———g(X1n)|.
Taking h | 0, the first term tends to Lg(x) while A,/h — ¢(z). Thus, by continuity of g,

C T g(X) > —glw)g(a)

so by dominated convergence, we get that Qf has generator £ — ¢. Now, defining u(t, -) = Q7 f, we have
by the Kolmogorov Backward Equation that

du(t,x) = (L — q)Qi f(x) = Lu(t, ) — qu(t, ).

with u(0,2) = Q{f = f, so (2.1) indeed solves the Cauchy problem (2.2). Note that u(, -) is bounded on
[0, T] x R? since supy<,<r [u(t, )| < €| f|s < co. For uniqueness, consider v € C*2((0, 00) x R?) also
bounded on [0, T] x R? for T < o that is a solution to (2.1). Applying It6’s formula and the product rule,
we have for M, := e=“=v(T — s, X,) that

dM, = e~ [0 + Lv — qu|(T — s, X5) ds + d N,

where Nj is a local martingale. By assumption, we have that d,v = Lv — qv so the drift vanishes and by
lower-boundedness of ¢, we get that M is bounded since

|M,| < BCTHUHoo,[o,T]de < 0
so M is in fact a true martingale. By the martingale property, we thus have
v(t, ) = BE.[e (0, X,)] = E[e 2 f(X,)] = ult, z).
Thus, v = u. OJ

In particular, for > 0 and v € C(R%) lower bounded, one may consider the It6 diffusion X; :=
x + /2kW,; which has generator

1
L= E(QH;A) = KA,
from which one recovers (1.4):

Corollary 2 (Feynman-Kac for the Heat Equation). Under the assumptions of Theorem 1, the Cauchy prob-
lem (1.1) has a unique (classical) solution given by (1.4).

Remark 3. Theorem 1 is often used with a terminal value of u rather than an initial value. In particular,
one can show that

v(t,z) = F {exp (— LT q(Xs)ds) 9(Xr)

is the unique solution to (2.2) with boundary condition v(7T,z) = g(z) for a terminal time T' < o by
taking the time reversal v(t, x) = u(T — t, x).

thx],
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2.2. The Basic Monte Carlo Estimator. We now introduce a simple Monte—Carlo estimator for the
Cauchy problem (2.2) based on a sample estimate of (2.1). These estimators notably requires a significantly
smaller number of computations compared to a finite-difference scheme such as (1.5). These come at the
drawback of accuracy issues, including discretization error, convergence speed, and sample variance which
we discuss in this subsection. 3

Let X be the diffusion from (1.8). Define the augmented process X = (X, A) € R%*! by

dXt = G(Xt) dt + O'(Xt) th, XO =T, (23)
t
Ay = —J q(X,) ds. (2.4)
0
Then the Feynman-Kac functional can be written as
U(t, [E) = [Eq [eAtf(Xt)] = ]Ea:[qvb(Xt)L (2'5)
where we define
U(y) = F(yh - y™) exp(y™ ). (2.6)

In particular, we remark that (2.5) gives a representation for u(t, -) as a functional of a multi-dimensional
Itd process. If one could either sample the paths of X directly, or sample a process with exact, matching
statistics for ¢ of the form (2.6), one could obtain an unbiased estimator by taking a simple sample average:

1 M
ar(t @) == 77 D (V") (2.7)
r=1

where Y (") are independent samples of the process. In practice, such an exact sampling is impossible, and
we instead rely on numerical methods to approximate the process instead. Typically, one discretizes the
stochastic equations (??) with some step size § > 0 and approximates samples f/té’(T), resulting in a biased
estimator s s due to the discretization error. In the next section, we introduce some numerical schemes
and develop the requisite theory to analyze the resulting discretization errors.

We can additionally decompose the error of the resulting estimate as a sum of a systematic error due to
the discretization, also referred to as the bias, and a statistical error due to the usage of the sample mean,
also referred to as the variance:

e=Ups—u= (Uns — Unm)+ (U — ). (2.8)
—_—
Esys Estat

For w(Xt) € L?, the statistical error converges asymptotically to a mean zero Gaussian:

X 1 ~
Estat = UR — U ™~ N <Oa Evar(¢(Xt))>
by the central limit theorem. In general however, Varz/)(EXt)) may be extremely large, so one may require
an extremely large number of samples to obtain sufficiently small confidence intervals. A natural question
is then the construction of an estimator with reduced variance, which we return to in Section 4.

3. WEAK APPROXIMATIONS SCHEMES FOR SDEs

In this section, we rigorously define the notion of a numerical, time-discrete approximation and then
introduce the appropriate theory to analyze discretization error. In particular, we focus on the notion of
weak approximation due to our focus on sample estimation. We then prove some explicit convergence
results for the Euler scheme and then briefly describe how one can obtain higher order methods through
a stochastic generalization of the Taylor expansion.
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3.1. Time-Discrete Approximations. Let 7" > (. Consider the d-dimensional Itd6 SDE on [0, T']:
dXt = G,(t, Xt)dt + b(t, Xt)th, Xo =T, (31)
where W is a m-dimensional Wiener process.

Definition 4 (Time-discretizations of an SDE). Consider a filtered probability space with filtration (F;);>¢
and let 0 > 0 be given. We define a time discretization with maximum step-size J to be an increasing set
of random variables

O=T0<7'1<"'<7'N=T

such that sup,, (741 — 7%) < ¢ and each 74 is F,, -measurable for each 0 < k < N.

Intuitively, our definition implies that while our discretization times 7, can potentially be random, it
must be previsible and depend only on the information at the previous time 75_;.

Definition 5 (Time-Discrete Approximations of an SDE). Let 7 := (7; : 0 < j < N) be a time-
discretization as given by the previous definition. An R%-valued cadlag process Y is called a time-discrete
approximation of X on m, if

(1) YT‘i is F,, -measurable,
(i) there exists { € Zg,, F;,,,-measurable random variables Z;,; ; for 1 < j < ¢ and Borel i 41
(ROEHL x RF¥*2 x RY — R? such that
VO =@ (Y, Y Ty et Zhrits s Zirre) -

Tk+1 707 Tk’

Definition 6 (Time-discrete scheme). For each § > 0, let Ps denote the collection of all admissible time-
discretizations of [0, 7] with maximum step-size at most 0. A time-discrete scheme for the SDE (3.1) is a
map

(6, 7) —> YO, 7 € Ps,

which assigns to each admissible discretization 7 € P a time-discrete approximation Y*™ of X on 7 in
the sense of the previous definition. If a particular family of discretizations 7° € Pj is fixed, we write
simply Y? := yor’,

Intuitively, the two conditions of Definition 5 imply that the definitions of YT‘i are recursive: the first
condition implies that the computation of Yfk should not involve more information than at the time 7,
while the second condition implies that Y7, ., depends only on the values at earlier discretization times,
on the step size, and on a finite number of random variables which generate the noise mainly within
the current time step. This definition, due to [KP99] notably also covers various kinds of interpolation
methods, such as right continuous piecewise constant and linear interpolations. From now on, we assume
a fixed interpolation scheme and define the scheme only on the grid. We also omit writing an explicit grid
if it is obvious from the definition and use the words scheme and approximation interchangeably.

The simplest possible time-discrete scheme is given by a straightforward extension of the forward Euler
Method for ODEs:

Algorithm 1 (Euler-Maruyama). Let X be a solution to (3.1) on (Q, F, (F)i=0, P) and let W be the cor-
responding Wiener process also. Let m° = (13, : 0 < k < N) be a time-discretization of [0, T] on the same
space. Denote ATy := Tpi1 — 7, and AW}, := W, — W.,. The Euler-Maruyama scheme associated with

(3.1) on 70 is defined recursively on the grid by YT‘Z =z, and for0 < k < N,
YO =Y0 4 a(r, Y2 ) AT, + b7, Y2 ) AW, . (3.2)

Tk+1
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3.2. Strong and Weak Convergence. In order to compare and assess the convergence rates of differ-
ent time-discrete schemes, we now introduce the notions of strong and weak order. For this section, let
(Q, F, (F:), P) be a filtered probability space and let X be a solution to (3.1).

Definition 7 (Strong convergence). A time-discrete scheme Y° on (2, F, (F?)i=0, P) (Where (F? )i is
a potentially different filtration) with step-size § > 0 is said to converge to X with strong order v > 0 on
[0, T] if there exists 0y > 0, such that for all ¢ € (0, &),

1/2
(IE [ sup |X; — Y;5|2]> =0(5) (3.3)
0<t<T

Under some mild regularity assumptions, one can show that the Euler-Maruyama scheme of Algorithm
1 has strong order v = 0.5. See Theorem 10.2.2 of [KP99].

Definition 8 (Weak Convergence). A time-discrete scheme Y on a (potentially different) filtered proba-
bility space (920, F°, (F?),P°) with step-size § > 0 is said to converge to X with weak order 3 > 0[0,T],
if, for every ¢ € 0123(6 +1)(Rd; R), there exists 0y > 0 such that, for all § € (0, dy),

sup [E[v(X,)] — E°[¢(Yy)]| = O(8).

0<t<T
where C’]Qj(ﬁ 1 refers to the set of 2( + 1)-differentiable functions with polynomial growth.

Intuitively, the strong order represents the convergence rate of the path, while the weak order represents
the convergence rate of the distribution. This is evidenced by the fact that strong convergence requires
that our time-discrete scheme be defined on the same probability space, unlike the weak convergence
scheme which only requires proximity of statistics of the approximation and the true process. In fact,
because we only require that the measure induced by Y to be close, for the Euler scheme of Algorithm
1 that we can replace the Gaussian increments AW}, with other random variables with similar moment
properties. This leads to a simplified version of the Euler scheme:

Algorithm 2 (Simplified Weak Euler Scheme). Let § > 0 be given and let AW} : R™ — R? be independent
Fr..,-measurable random variables for 1 < k < N such that

Tk+1
[EAWD)] + [E(AWD)] + [ E(AWE)?) - 6] = O(6%) (34)
Then, the Simplified Weak Euler Scheme is given by taking (3.2) with AW}, | replaced by AW,SH.
A straightforward calculation shows a two-point distribution satisfies the constraint of Algorithm 2. Of-

ten, this two-point distribution is preferred to Algorithm 1 for weak approximations because it is cheaper
to sample and has bounded increments:

Lemma 9. We have independent AWf s.t. IP)(AVAV;5 = ++/0) = 1/2 satisfies the condition (3.4).

We now present a result due to [MP91], which shows that if the drift @ and covariance B = bb' are
slightly more than twice continuously differentiable, then the weak Euler scheme converges with weak
order 8 = 1.0. We write ’Hgf ) for the parabolic Holder class of order r on [0, 7] x RY; in particular, when
r > 2, the functions have two spatial derivatives and one time derivative with the corresponding Hoélder
remainder estimates.

Theorem 10 (Mikulevi¢ius—Platen). Let X = (X;)o<i<1 be a d-dimensional It6 diffusion process given by
(3.1) and define the covariance matrix:

B(t,x) := b(t,z)b(t,x)".
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Suppose that all moments of X exist and that B is uniformly elliptic, i.e. there exists A\ > 0 s.t.
' B(t, x)€ = A¢[? (3.5)

forallt € [0,T], x,& € RY. Assume moreover, that for some | € (0,3)\{1,2}, we have a, B € ’H§5>
and that g € H"*?). Let Y° be a (weak) Euler approximation given by the Algorithm 2 with discretization
70 = (14 : 0 < k < N) of [0, T] and step size § > 0. Then, we have

E[g(X1)] - E[g(Y2)]] = O(6*") (3.6)
where
1/2, le(0,1),
x()=<1/3=1), le(1,2), (3.7)
1, le(2,3).

Proof Sketch. The main idea of the proof is to first rewrite the Kolmogorov Backward Equation to an error
caused by freezing the coeflicients in (3.2) and then using Holder regularity to bound the total error. Let

d
1 y
_(’}t+2 tIa—FQZJZlBJ(t,J])aW
be the backward Kolmogorov operator associated to (3.1). From the uniform ellipticity of B and the para-
bolic Holder regularity assumptions, the terminal value problem
L% =0, U(T,.Z') :g(l’),
has a unique solution v € ”ng) (see Thm 5.2, pg. 361 of [LSU68]). Moreover, for an appropriate weighted
interior norm ||, ¢+2), we have boundedness of the norm: [v[, a+2) < C/|g|ya+2. By Ito’s formula applied
T T

to the exact diffusion X, we have
E[v(0, Xo)] = E[v(T, X7)] = E[g(X7)].

Let Y = Y denote the continuous Euler interpolation (one can extend to the case of the general incre-
ments by matching the required moments; we do not reproduce the separate moment-matching argument
here). Thus, for s € [7,,, 7,,+1), writing 5 := 7,,, we have

dYs = a(8,Ys)ds + b(s,Ys) dWs.
Applying 1t6’s formula to v(s, Y;), and using Xy = Yj, gives
Elg(Yr)] — E[g(Xr)] = E[o(T, Yr)] — E[v (0 Yo)]

' 1S
:]EJ0 [&tst +Z (5,Y5)0v(s,Ys) + 2i;IBJ(s,Y;)oijv(3,yg)]d&

Since L% = 0, this becomes

d
E[g(Y7)] — E[g(X f [Z Y.))i(s, Ya) +% S (B9(s.73) —Bij(s,Ys))aijv(s,Ys)]ds.

iz Q=1
turning the weak error into an error over the coefficients.
It remains to bound the two terms in the last display. The key estimate is Lemma 14.1.6 of [KP99], which
says that for f € 7—[55),
[E[f(s,Ys) = £(5.Y5) | Foll < Ol fl,08°"
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This estimate is proved by mollifying f in space and time, applying It&’s formula to the mollified function,
and then optimizing the smoothing parameters. The optimization is precisely what produces the exponent
x (1) in (3.7). To use the lemma, decompose, for example,

(a’(5,Ys5) — a'(s,Yy)) (s, Yy) = (a'00)(5,Y5) — (a'00) (s, Ys) — a'(5,Ys) [0 (5, Ys) — div(s, Vi) ],

and similarly for the terms involving B ;;v. Since a, B € H\ and v € H{"*), the functions a’d;v, d;v, B,
0i;v, and 0;;v all belong to Hgfl). Hence Lemma 14.1.6 applies to each of these terms. Integrating over
s € [0, T], and using the regularity bound on v, we obtain

[E[9(X1)] = E[g(YD)]| < Clglaurn XV = O(V).

This proves the desired weak error estimate. U

3.3. Higher Order Schemes. We now (briefly) describe how one might obtain higher order weak ap-

proximations: the main idea is truncation of the Wagner—Platen expansion, a stochastic generalization of

the integral form of Taylor’s formula. The main idea is essentially a repeated application of It6’s Lemma:

let f € C"(R) and X; an It6 Diffusion on [ty, T'] satisfying (3.1). By It6’s Lemma, we have:

(a6 2060 + 00 s ) as+ [ vee) Srccoaw, es)
oxt Y2 ox2 oxpt TR )

to

t

(X)) = F(Xi) + f

0

t ¢
—FX) + [ LX)+ | Lp(aw, 39
to to
where we introduce the operators
o 1,0 0
L% :=a— + =1? L' =b—
“or T2 o oz

Now, for f = x, we get obviously

t t
X, = X, + f a(X,)ds + J b(X,)dW,.

to to

Then, repeated application of (3.9) to f = a and f = b, we obtain

t S S t s s
Xt = Xty + J <a(Xt0) + J LOa(X.)dz + J Lta(X.) dwz> ds +J <b(XtO) + J LOb(X,)dz + J le(Xz)dWZ> dWs
to to to to to

to

t
= Xig +a(Xe,) | ds +b(Xay) J AW, + R, (3.10)

to

where

t s
sz f Loa( dzds+f f L'a(X,)dW, ds+f J LO(X,) dz dW, +f f L'B(X,) dW, dWs.
to Jto to Jto to Jto to Jto

This gives us the simplest, lowest order stochastic Taylor expansion. One can then straightforwardly
extend this for higher orders by applying (3.9) to f = L'b (or L'a, L°a, L°b). We state the general result
(which requires some more careful bookkeeping) in the Appendix.

From here, one can obtain higher order approximations by adding more terms in the Wagner—Platen
expansion. For example, by keeping all terms involving double stochastic integrals, one obtains the order
2.0 weak Taylor scheme (see Algorithm 3 in the Appendix). Further schemes can then be developed by
using the Taylor expansion to guess an approximate form and then check one of several sufficient moment
conditions to determine if the scheme is of a desired order (see for example Theorem 14.5.2 of [KP99)).
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4. VARIANCE REDUCTION METHODS

In the previous section, we analyzed the discretization error associated with the Monte Carlo estimator
in (2.7). We now turn our attention to the second term in the bias-variance decomposition (2.8) and
consider the problem of constructing an estimator with reduced variance.

The intuition is as follows: we may have that X; € B; for some measurable region B, with high prob-
ability, but the value of the functional 1)(X;) may be small in that region. The key idea is to make an
appropriate change of measure using Girsanov’s theorem to get an estimator satisfying

Elg(X:)0] = E[g(Xr)]

for an appropriate Radon-Nikodym derivative © and modified It6 process X. We shall see that for an
appropriate choice of X, we can control (and greatly reduce) the sample variance.

4.1. Girsanov Change of Measure. Let § = (0;)o<;<7 be an R™-valued adapted process satisfying
Novikov’s criterion (see [LeG16] Thm. 5.23):

E lexp (%<L>w>] = [exp G LT |93!2d5>] < .

We then recall that the stochastic exponential

t 1 t
O, := exp U 0, - dW, — 5] |95|2ds> (4.1)
0 0

is a wi. martingale for 0 < ¢ < T. By Girsanov’s Theorem, we also have that under the tilted measure P’
defined by dP’ = ©1dP, that the drifted Wiener process W/ given by

dW? = dW, — 0,dt (4.2)

is a Wiener process under PY (see Section 5.6 of [LeG16]).
It is useful to denote the inverse likelihood ratio by

dP t 1
VAR = exp (—f O, - dW? — —J |esy2ds> : (4.3)
Fi 0 2 0
Under P?, the controlled diffusion is

T dpe
dX{ = (a(X)) + o(X)0,) dt + o(X])dWf, X =u. (4.4)
Therefore, for a given test function ¢ € C’IZD(”B 1) (R%; R) that (where we denote by Ey the expectation with
respect to P?):

E[¢(X))] = Eo[(X7) Z7]. (4.5)

In particular, we can rewrite our Feynman-Kac solutions as follows:

Corollary 11 (Controlled Feynman-Kac). Under the assumptions of Theorem 1, the solution to (2.2) can be
written as

u(t,z) = By [e—fé a(X) ds f(Xf)zf] . (4.6)

The rewriting (4.6) of u(t,-) has the practical benefit of allowing one to control the weighting term
Z%. to concentrate on regions of importance. This method is thus often referred to as Drift-Based Impor-
tance Sampling or Controlled Feynman—Kac in the context of PDE solvers. A corresponding Monte—Carlo
estimator 49, can then be written as follows:
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~ 1 I (r) . - .
W (T,2) = o7 2, e W OB (X 25, Bl (T,2)] = u(T, ), (4.7)
r=1

where X (") are independent samples of (4.4) under P?, and Zr_ep’(r) are the corresponding likelihood weights.
This estimator can be simulated numerically in an analogous way to as described in Section 2.

4.2. The Zero-Variance Drift. How does one construct © such that the corresponding estimator (4.7)
has low variance? The following result due to [Mil95], is interesting from a theoretical point of view:
let X be an It6 diffusion satisfying (1.8) and suppose u(t,z) > 0 everywhere. We show that, at least
theoretically, one can construct a drift such that the reweighted sampler draws paths in such a way that
the reweighting term Z9 exactly cancels the sampling bias.

Proposition 12 (Zero-Variance Guiding Drift). Define the backward process h(t,z) := u(T — t,x) and
suppose that h is positive and smooth. Suppose the drift

0F = o(X,) Viogh(t, X,). (4.8)
satisfies Novikov’s criterion. Then, the corresponding drifted SDE
dX, = (a(Xy) + o(Xy)07) dt + o(X)dW!", X, ==, (4.9)
has a Girsanov estimator that is constant:
el a(X)ds ¢ (X 205 = h(0,x) = u(T, z) P -a.s. (4.10)

Proof. By Remark 3 we note that A is the unique solution to (2.2) with boundary condition v(T', z) = f(x).
Let 0* be as defined in (4.8). Under the tilted measure P?*, It8’s lemma gives

oth + Lh

dfog (e, %)) = | 2

1 *
(t, Xt) + Oy - 0: — §|Q{t|2:| dt + O{tthQ

1 *
= ot + G106 | v+ gpawe,

where we used 0;h + Lh = gh. Integrating from 0 to 7" and using h(T', X1) = f(Xr), we get
T

T ., 1 (7T
q(Xs) ds + f 0F - dW? + J 0% |? ds.
0

log £ (Xr) ~logh(0,z) = | 2,

0
Rearranging and exponentiating both sides gives

T . 1 (7
h(0,z) = el a(Xs)ds £(X) exp (—f 0F - dW? — QJ 0% ds>
0 0

= e~ b a0 f(xp) 28"

This proves (4.10). Hence the estimator is equal to the deterministic constant h(0,z) = u(7, x) almost
surely under P?* | and therefore its variance is zero. O

Remark 13. In practice, the construction of the optimal drift #* in Proposition 12 is tautological as it
requires knowledge of the exact u that we are trying to estimate. Nevertheless, the above result shows
that it is possible to obtain a substantial reduction in variance by choosing an appropriate reweighting
of the estimator. A practical way of implementing such a method, would be to use a preexisting (rough)
estimate @ of u to calculate the appropriate importance sampling weights.
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5. CONCLUSIONS AND BIBLIOGRAPHICAL NOTES

In this paper, we described a Monte—Carlo approach to solving a wide class of parabolic Cauchy prob-
lems by utilizing the Feynman-Kac formula. In particular, by utilizing Feynman-Kac, we were able to
construct an estimator based on a sample mean of the functionals of approximated diffusions. We then
analyzed the discretization errors of such estimators through the lens of weak convergence. Finally, we
discussed variance reduction through a measure transformation method based on Girsanov’s theorem.

There are many more important topics in the theory of numerical SDEs that we have sacrificed for the
sake of brevity in this paper. In Section 2, for example, we considered only a time-homogenous form of
Feynman—-Kac for simplicity of presentation. For more general formulations of the statement for broader
boundary conditions or Feller processes, we refer the reader to [Lal; KS91]. In Section 3, we consid-
ered only explicit time-discrete approximations for diffusive Itd SDEs and ignored stability concerns. For
further discussion on the strong scheme, stability considerations, and an overview of implicit methods,
extrapolation methods, and predictor-corrector methods, we refer the reader to Chapters 14-15 of [KP99],
while for generalizations to SDEs with Poisson jumps, we refer the reader to [PB10]. In Section 4, we
considered only variance reduction methods based on a change of measure. Further variance reduction
methods, for example based on the more broad theory of Monte-Carlo integration, and the construction
of unbiased estimators is discussed further in Chapter 16 of [KP99].
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APPENDIX: THE WAGNER-PLATEN EXPANSION
5.1. Iterated It6 Integrals. We begin by introducing some notation to simplify bookkeeping:
Definition 14 (Multi-indices). Let M denote the set of all finite tuples
a=(j,..,j0),  Ji€{0,1,...,m},

together with an “empty” tuple v. We refer to such tuples [ as “multi-indices”. We write [(«) = ¢ for
the length of o, and n(«) for the number of zero entries in . By convention [(v) = n(v) = 0. If
a=(J1,...,Je) # v, we write

o= (.j27"'7.j5>7 a— = (.jlv'-'ujffl)v
with the convention that deleting the only entry gives v.
We now introduce a notion of an “iterated” or “multiple” Itd integral:

Definition 15 (Multiple It6 integrals). For an adapted process H, stopping times p, 7 such that 0 < p <
7 < T as., and a multi-index a = (j1, ..., j), define I,[H], . recursively by

IU[H]/),T = HT)
and, for ¢ > 1,

J [af[H]p,s dS, j@ = 07

JLkthW% jee{l,...,m}.

p
When H = 1, we simply write I, for I,[1],-.

Intuitively, an index O in the multi-index represents integration with respect to time, while indices
1,..., m represent integration with respect to the corresponding Wiener coordinates. Thus, for instance,

Loy=7—p, I =W -Wi
and
T S ) )
Lag) = f f dWg, dW,,
p Jo

with the convention dW? = ds.
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5.2. Itd Coefficient Functions. We next introduce the differential operators which appear as stochastic
Taylor coefficients. Let B(t,z) = b(t, z)b(t,z)". Define

d d
1
0 _
L = (% + ;ai(t, x)(?z + 5 ikzl sz(t,x)&lk,
d T
i=1

These operators act componentwise on vector-valued functions.

Definition 16 (It coefficient functions). Consider o € M and f € C4(R, x R4 R") for ¢ = I(a) +n(a).
We define the It6 coefficient function f, recursively by

fo = 1 a=uv
N fa=L e a= (1, 0) # 0

5.3. The General Wagner—Platen Expansion. We now state the main theorem of this section:

Theorem 17 (Wagner—Platen Expansion). Let A — M be a finite hierarchical set, meaning thatv € A and
—a € A whenever o € A\{v}. Define the remainder index set

B(A) :={ae M\A: —ae A}
If f, a, and b are sufficiently smooth so that all terms below are well-defined, then for stopping times p < 7,

FEX) = Y Lo X)pr + ) Llfalo X )],

acA aeB(A)

For numerical purposes, one chooses a finite hierarchical set A and drops the remainder. The Wagner-
Platen expansion corresponds to taking

Awp ={v,(0),(0,0)}
v A{(4),(5,0),(0,4) : 1 < j <mj
U A{(, J2) 1< Jisj2 < mj
U {(J1,J2: 3) 1 1 < Ju, Jas g < mi.
Taking f(t,x) = x, setting p = t, 7 = t + h, and writing I, = I,[1]; 15, the expansion becomes

Xen=Xo+aloy+ D0 I+ > L I, ) + > (Daljo) + LV L)
Jj=1 Ji,52=1 j=1
+ > LLPYE LG, gy + LYl g0) + Rwe. (5.1)
Ji,j2,J3=1
Here all coefficient functions are evaluated at (¢, X;), and
Rwp = > Taf[za(, X)lessn,
aeB(Awp)

where z(t,z) = x. Under the usual smoothness and polynomial growth assumptions, the one-step re-
mainder satisfies

| Rwe 2 = O(R?).
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Consequently, the scheme obtained by dropping Rwp is the Wagner-Platen scheme, a strong Taylor
scheme of order 3/2. Equivalently, on a grid 0 = ¢ty < -+ < ty = T with hy = t;,1 — t, the Wagner-
Platen scheme is

Ve = Yi +aly +Zb]1 + Z L2 I, iy + Y (Da e + LW I )

Jj=1 J1,J2=1 Jj=1

+ Y DLV LG, gy + La ). (5.2)
J1.J2,3=1
In (5.2), the multiple It6 integrals are taken over [tx,tx1], and all coefficient functions are evaluated at
(t, Ye).

5.4. Higher Order Weak Schemes. We conclude the appendix by giving an example of a higher order
weak-scheme taken by adding the double integral terms in the Wagner—Platen expansion. To avoid exces-
sive notation, we describe only the autonomous scalar case d = m = 1 with deterministic times ¢,, = nd.
We denote

tnil S tn+1
AZn = [(170) = f f dWr ds = f (WS — th) ds.
tn tn tn

1 52
Ty =5 (AW =6).  Ton = 0AW, = AZ,, Tog) = 5

Substituting these identities into the scalar It6-Taylor expansion gives the following scheme.

Algorithm 3 (Order 2.0 Weak Taylor Scheme). Let 6 > 0 be given. Consider previsible, independent
AW, AZ, such that

tn+1
AW, =Wy, — W, AZ, = f (Wy — Wy, ds.
tn

Equivalently, one may generate this Gaussian pair by taking independent standard normal random variables
&ny M and setting
) 93

=6 AZ, = =A — 1.
W, = V6, n = G AW+ 5

The order 2.0 weak Taylor scheme is then

1
Y1 = Yo+ ad + bAW, + S0 ((AW,)* = 0) + b AZ,

+ % (aa +3 ”b2) 6+ (ab' + %b”b2> (AW, — AZ,), (5.3)

where all coefficients and derivatives are evaluated at Y.

As in Algoirthm 2, we remark that the increments variables AW,, and AZ,, may be replaced by simpler
variables provided that the required joint moments are matched to sufficiently high order.



	1. Introduction
	2. The Path Integral Formulation for Parabolic PDEs
	2.1. The Feynman–Kac Formula
	2.2. The Basic Monte Carlo Estimator

	3. Weak Approximations Schemes for SDEs
	3.1. Time-Discrete Approximations
	3.2. Strong and Weak Convergence
	3.3. Higher Order Schemes

	4. Variance Reduction Methods
	4.1. Girsanov Change of Measure
	4.2. The Zero-Variance Drift

	5. Conclusions and Bibliographical Notes
	Acknowledgements
	References
	Appendix: The Wagner-Platen Expansion
	5.1. Iterated Itô Integrals
	5.2. Itô Coefficient Functions
	5.3. The General Wagner–Platen Expansion
	5.4. Higher Order Weak Schemes


