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Abstract. We provide an introduction to Monte Carlo methods for approximating solutions to a wide class

of parabolic Cauchy problems. The central tool is the Feynman–Kac formula, which represents solutions

of these PDEs as a functional integral over Wiener paths. To approximate these quantities numerically, we

introduce weak approximation schemes for stochastic differential equations and show how they give rise to

Monte Carlo estimators based on a sample mean. We additionally discuss techniques for estimators with

reduced variance using an appropriate change of measure.

1. Introduction

As a motivating example, we begin by considering the d-dimensional heat equation with decay:

Btupt, xq “ κ∆upt, xq ´ γpxqupt, xq, up0, xq “ fpxq. (1.1)

where κ ą 0, u P C1,2pr0, T s ˆ Rd;Rq, and γ P CpRdq is lower bounded. Here, κ is often referred to as

the diffusivity and γ is often referred to as the decay rate (note γ here is spatially-dependent). In the case

of γ ” 0, we recover the standard heat equation

Btu “ κ∆u (1.2)

which admits the explicit heat-kernel representation [LeG16]:

upt, xq “

ż

Rd

fpyq
1

p4πκtqd{2
exp

ˆ

´
|x ´ y|2

4κt

˙

dy. (1.3)

In the general case, one can instead write solutions to (1.1) as a Wiener integral

upt, xq “ E
„

exp

ˆ

´

ż t

0

γpx `
?
2κWsq ds

˙

fpx `
?
2κWtq

ȷ

, (1.4)

due to the Feynman–Kac formula. In either case, however, the solutions (1.3) and (1.4) typically can not

be written down in closed-form, and one has to resort to numerical methods to approximate solutions to

(1.1) instead.

One straightforward deterministic approach is to discretize (1.1) directly by truncating Rd
to a large

bounded domain, sayDR “ r´R,Rsd, and proceeding with a finite difference scheme. Taking a mesh size

∆x “ 2R{M , we obtain a grid withM points in each coordinate direction for a total of OpMdq total grid

points. If Un
i denotes an approximation to upn∆t, xiq, the standard central-difference approximation of

the Laplacian is

∆∆xU
n
i “

d
ÿ

ℓ“1

Un
i`eℓ

´ 2Un
i ` Un

i´eℓ

p∆xq2
,

where eℓ is the ℓ-th coordinate vector. The explicit finite-difference scheme for (1.1) is then given by

Un`1
i “ Un

i ` ∆t

˜

κ
d

ÿ

ℓ“1

Un
i`eℓ

´ 2Un
i ` Un

i´eℓ

p∆xq2
´ γpxiqU

n
i

¸

. (1.5)

Finite difference schemes remainsimple and effective in low dimensions and thus remain the preferred

method for numerical approximation in these regimes. For higher dimensional PDEs, however, these
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approaches quickly become computationally infeasible due to the grid size’s exponential dependence on

the dimension d.
In this paper, we introduce an alternative probabilistic approach based on Monte Carlo estimation of

Feynman–Kac solutions of PDEs such as (1.4). In particular, we consider the class of parabolic Cauchy

problems of the form

Btupt, xq “ Lupt, xq ´ qpxqupt, xq, up0, xq “ fpxq, (1.6)

where the elliptical operator

Lϕpxq “

d
ÿ

i“1

aipxqBiϕpxq `
1

2

d
ÿ

i,j“1

cijpxqBijϕpxq, cpxq “ σpxqσpxq
J. (1.7)

is given by the infinitesimal generator of a (time-homogenous) d-dimensional Itô diffusion:

dXt “ apXtqdt ` σpXtqdWt X0 “ x. (1.8)

where a : Rd Ñ Rd
, σ : Rd Ñ Rdˆm

, andW is am-dimensional Wiener process. Throughout this paper,

we assume that both a and σ are globally Lipschitz with at most linear growth, so that the diffusion SDE

a unique nonexplosive strong solution. The core idea of the Monte Carlo method then, is to create nu-

merical approximations for the process pXtqtě0 to estimate the corresponding functional integral given by

Feynman–Kac. Because we consider only functions of the Itô process in the Feynman–Kac expectations,

it suffices to have good approximations of the probability distribution of Xt rather than a close approxi-

mation of the sample paths themselves. This leads naturally to the idea of weak approximation which we

use to analyze our numerical solvers.

We organize the paper as follows. In Section 2, we prove the Feynman–Kac formula for parabolic PDEs

of the form (1.6) and then suggest simple Monte Carlo estimators for (1.6) based on simple sample averages

of the correspondingWiener integral. In Section 3, we introduce the notion ofweak approximation of SDEs
and use them to analyze the systematic error of various estimators. In Section 4, we consider the variance

of our Monte Carlo estimators and develop a variance reduction method based on an appropriate change

of measure.

2. The Path Integral Formulation for Parabolic PDEs

The Kolmogorov forward and backward equations provide a key connection between stochastic differ-

ential equations and certain types of parabolic PDEs. The Feynman–Kac formula, a direct corollary of

the backward equation, additionally enables one to write down solutions to such a PDE as a functional

integral over Wiener paths.

2.1. The Feynman–Kac Formula. We begin with a concise proof of Feynman–Kac in the case of time-

homogenous diffusions (which notably admit a semigroup) and show how it can be used to model solu-

tions of (1.1). We streamline the presentation of [Oks03], making extensive use of the Theory of Markov

Processes, for which we refer the reader to Chapter 6 of [LeG16] or Chapter 8 of my personal notes.

Theorem 1 (Feynman–Kac). LetX “ pXtqtě0 be anRd-valued Itô diffusion with generator L given by (1.7)

and SDE given by (1.8). If f P C2
0pRdq and q P CpRdq is lower bounded, then

upt, xq “ Ex

”

e´
şt
0 qpXsq dsfpXtq

ı

(2.1)

is the unique (classical) solution of the Cauchy problem

Btupt, xq “ Lupt, xq ´ qpxqupt, xq, up0, ¨q “ f, (2.2)

among functions u P C1,2pp0,8q ˆ Rdq that are bounded on r0, T s ˆ Rd for every T ă 8.

https://www.brianjsl.com/files/notes/18.676_notes.pdf


SOLVING PARABOLIC PDES VIA WEAK APPROXIMATIONS OF SDES 3

Proof. Let pQtqtě0 be the transition semigroup of X , and define

At :“

ż t

0

qpXsq ds, Qq
tgpxq :“ Exre´AtgpXtqs.

By the Markov property and the additivity of t ÞÑ At, we have that pQq
t qtě0 satisfies the Chapman-

Kolmogorov equations and that it is a semigroup. Moreover, for g P C2
0pRdq,

Qq
hgpxq ´ gpxq

h
“
Qhgpxq ´ gpxq

h
` Ex

„

e´Ah ´ 1

h
gpXhq

ȷ

.

Taking h Ó 0, the first term tends to Lgpxq while Ah{h Ñ qpxq. Thus, by continuity of g,

e´Ah ´ 1

h
gpXhq Ñ ´qpxqgpxq.

so by dominated convergence, we get that Qq
t has generator L ´ q. Now, defining upt, ¨q “ Qq

tf , we have
by the Kolmogorov Backward Equation that

Btupt, xq “ pL ´ qqQq
tfpxq “ Lupt, xq ´ qupt, xq.

with up0, xq “ Qq
0f “ f , so (2.1) indeed solves the Cauchy problem (2.2). Note that upt, ¨q is bounded on

r0, T s ˆ Rd
since sup0ďtďT |upt, xq| ď ecT }f}8 ă 8. For uniqueness, consider v P C1,2pp0,8q ˆ Rdq also

bounded on r0, T s ˆRd
for T ă 8 that is a solution to (2.1). Applying Itô’s formula and the product rule,

we have forMs :“ e´AsvpT ´ s,Xsq that

dMs “ e´Asr´Btv ` Lv ´ qvspT ´ s,Xsq ds ` dNs,

where Ns is a local martingale. By assumption, we have that Btv “ Lv ´ qv so the drift vanishes and by

lower-boundedness of q, we get thatMs is bounded since

|Ms| ď ecT }v}8,r0,T sˆRd ă 8

soMs is in fact a true martingale. By the martingale property, we thus have

vpt, xq “ Exre´Atvp0, Xtqs “ Exre´AtfpXtqs “ upt, xq.

Thus, v “ u. □

In particular, for κ ą 0 and γ P CpRdq lower bounded, one may consider the Itô diffusion Xt :“
x `

?
2κWt which has generator

L “
1

2
p2κ∆q “ κ∆,

from which one recovers (1.4):

Corollary 2 (Feynman–Kac for the Heat Equation). Under the assumptions of Theorem 1, the Cauchy prob-
lem (1.1) has a unique (classical) solution given by (1.4).

Remark 3. Theorem 1 is often used with a terminal value of u rather than an initial value. In particular,

one can show that

vpt, xq “ E
„

exp

ˆ

´

ż T

t

qpXsqds

˙

gpXT q

ˇ

ˇ

ˇ

ˇ

Xt “ x

ȷ

,

is the unique solution to (2.2) with boundary condition vpT, xq “ gpxq for a terminal time T ă 8 by

taking the time reversal vpt, xq “ upT ´ t, xq.
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2.2. The Basic Monte Carlo Estimator. We now introduce a simple Monte–Carlo estimator for the

Cauchy problem (2.2) based on a sample estimate of (2.1). These estimators notably requires a significantly

smaller number of computations compared to a finite-difference scheme such as (1.5). These come at the

drawback of accuracy issues, including discretization error, convergence speed, and sample variancewhich

we discuss in this subsection.

Let X be the diffusion from (1.8). Define the augmented process X̃ “ pX̄, Aq P Rd`1
by

dX̄t “ apX̄tq dt ` σpX̄tq dWt, X̄0 “ x, (2.3)

At :“ ´

ż t

0

qpX̄sq ds. (2.4)

Then the Feynman–Kac functional can be written as

upt, xq “ Ex

“

eAtfpX̄tq
‰

“ ExrψpX̃tqs, (2.5)

where we define

ψpyq :“ fppy1, ¨ ¨ ¨ , ymqq exppym`1
q. (2.6)

In particular, we remark that (2.5) gives a representation for upt, ¨q as a functional of a multi–dimensional

Itô process. If one could either sample the paths of X̃ directly, or sample a process with exact, matching

statistics for ψ of the form (2.6), one could obtain an unbiased estimator by taking a simple sample average:

puMpt, xq :“
1

M

M
ÿ

r“1

ψpY
prq

t q (2.7)

where Y prq
are independent samples of the process. In practice, such an exact sampling is impossible, and

we instead rely on numerical methods to approximate the process instead. Typically, one discretizes the

stochastic equations (??) with some step size δ ą 0 and approximates samples Ŷ
δ,prq

t , resulting in a biased

estimator ûM,δ due to the discretization error. In the next section, we introduce some numerical schemes

and develop the requisite theory to analyze the resulting discretization errors.

We can additionally decompose the error of the resulting estimate as a sum of a systematic error due to

the discretization, also referred to as the bias, and a statistical error due to the usage of the sample mean,

also referred to as the variance:

ê “ ûM,δ ´ u “ pûM,δ ´ ûMq
loooooomoooooon

esys

` pûM ´ uq
loooomoooon

estat

. (2.8)

For ψpX̃tq P L2
, the statistical error converges asymptotically to a mean zero Gaussian:

estat “ ûR ´ u „ N
ˆ

0,
1

R
VarpψpX̃tqq

˙

by the central limit theorem. In general however, Varψpp̃Xtqq may be extremely large, so one may require

an extremely large number of samples to obtain sufficiently small confidence intervals. A natural question

is then the construction of an estimator with reduced variance, which we return to in Section 4.

3. Weak Approximations Schemes for SDEs

In this section, we rigorously define the notion of a numerical, time-discrete approximation and then

introduce the appropriate theory to analyze discretization error. In particular, we focus on the notion of

weak approximation due to our focus on sample estimation. We then prove some explicit convergence

results for the Euler scheme and then briefly describe how one can obtain higher order methods through

a stochastic generalization of the Taylor expansion.
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3.1. Time-Discrete Approximations. Let T ą 0. Consider the d-dimensional Itô SDE on r0, T s:

dXt “ apt,Xtqdt ` bpt,XtqdWt, X0 “ x, (3.1)

whereW is am-dimensional Wiener process.

Definition 4 (Time-discretizations of an SDE). Consider a filtered probability space with filtration pFtqtě0

and let δ ą 0 be given. We define a time discretization with maximum step-size δ to be an increasing set

of random variables

0 “ τ0 ă τ1 ă ¨ ¨ ¨ ă τN “ T

such that supkpτk`1 ´ τkq ď δ and each τk`1 is Fτk-measurable for each 0 ď k ă N .

Intuitively, our definition implies that while our discretization times τk can potentially be random, it

must be previsible and depend only on the information at the previous time τk´1.

Definition 5 (Time-Discrete Approximations of an SDE). Let π :“ pτj : 0 ď j ă Nq be a time-

discretization as given by the previous definition. An Rd
-valued càdlàg process Y δ

is called a time-discrete
approximation of X on π, if

(i) Y δ
τk
is Fτk-measurable,

(ii) there exists ℓ P Z0`, Fτk`1
-measurable random variables Zk`1,j for 1 ď j ď ℓ and Borel Φδ

k`1 :
pRdqk`1 ˆ Rk`2 ˆ Rℓ Ñ Rd

such that

Y δ
τk`1

“ Φδ
k`1

`

Y δ
τ0
, . . . , Y δ

τk
, τ0, . . . , τk`1, Zk`1,1, . . . , Zk`1,ℓ

˘

.

Definition 6 (Time-discrete scheme). For each δ ą 0, let Pδ denote the collection of all admissible time-

discretizations of r0, T s with maximum step-size at most δ. A time-discrete scheme for the SDE (3.1) is a

map

pδ, πq ÞÝÑ Y δ,π, π P Pδ,

which assigns to each admissible discretization π P Pδ a time-discrete approximation Y δ,π
of X on π in

the sense of the previous definition. If a particular family of discretizations πδ P Pδ is fixed, we write

simply Y δ :“ Y δ,πδ
.

Intuitively, the two conditions of Definition 5 imply that the definitions of Y δ
τk

are recursive: the first

condition implies that the computation of Y δ
τk

should not involve more information than at the time τk,
while the second condition implies that Yτk`1

depends only on the values at earlier discretization times,

on the step size, and on a finite number of random variables which generate the noise mainly within

the current time step. This definition, due to [KP99] notably also covers various kinds of interpolation

methods, such as right continuous piecewise constant and linear interpolations. From now on, we assume

a fixed interpolation scheme and define the scheme only on the grid. We also omit writing an explicit grid

if it is obvious from the definition and use the words scheme and approximation interchangeably.

The simplest possible time-discrete scheme is given by a straightforward extension of the forward Euler

Method for ODEs:

Algorithm 1 (Euler–Maruyama). Let X be a solution to (3.1) on pΩ,F , pFtqtě0,Pq and let W be the cor-
responding Wiener process also. Let πδ “ pτk : 0 ď k ď Nq be a time-discretization of r0, T s on the same
space. Denote∆τk :“ τk`1 ´ τk and∆W δ

k`1 :“ Wτk`1
´Wτk . The Euler–Maruyama scheme associated with

(3.1) on πδ is defined recursively on the grid by Y δ
τ0

“ x, and for 0 ď k ă N ,

Y δ
τk`1

“ Y δ
τk

` apτk, Y
δ
τk

q∆τk ` bpτk, Y
δ
τk

q∆W δ
k`1. (3.2)
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3.2. Strong and Weak Convergence. In order to compare and assess the convergence rates of differ-

ent time-discrete schemes, we now introduce the notions of strong and weak order. For this section, let

pΩ,F , pFtq,Pq be a filtered probability space and let X be a solution to (3.1).

Definition 7 (Strong convergence). A time-discrete scheme Y δ
on pΩ,F , pF δ

t qtě0,Pq (where pF δ
t qtě0 is

a potentially different filtration) with step-size δ ą 0 is said to converge to X with strong order γ ą 0 on
r0, T s if there exists δ0 ą 0, such that for all δ P p0, δ0q,

ˆ

E
„

sup
0ďtďT

|Xt ´ Y δ
t |

2

ȷ˙1{2

“ Opδγq (3.3)

Under some mild regularity assumptions, one can show that the Euler-Maruyama scheme of Algorithm

1 has strong order γ “ 0.5. See Theorem 10.2.2 of [KP99].

Definition 8 (Weak Convergence). A time-discrete scheme Y δ
on a (potentially different) filtered proba-

bility space pΩδ,F δ, pF δ
t q,Pδq with step-size δ ą 0 is said to converge toX with weak order β ą 0 r0, T s,

if, for every ψ P C
2pβ`1q

P pRd;Rq, there exists δ0 ą 0 such that, for all δ P p0, δ0q,

sup
0ďtďT

ˇ

ˇErψpXtqs ´ Eδ
rψpY δ

t qs
ˇ

ˇ “ Opδβq.

where C
2pβ`1q

P refers to the set of 2pβ ` 1q-differentiable functions with polynomial growth.

Intuitively, the strong order represents the convergence rate of the path, while theweak order represents

the convergence rate of the distribution. This is evidenced by the fact that strong convergence requires

that our time-discrete scheme be defined on the same probability space, unlike the weak convergence

scheme which only requires proximity of statistics of the approximation and the true process. In fact,

because we only require that the measure induced by Y δ
to be close, for the Euler scheme of Algorithm

1 that we can replace the Gaussian increments∆W δ
k`1 with other random variables with similar moment

properties. This leads to a simplified version of the Euler scheme:

Algorithm 2 (SimplifiedWeak Euler Scheme). Let δ ą 0 be given and let∆Ŵ δ
k : Rm Ñ Rd be independent

Fτk`1
-measurable random variables for 1 ď k ď N such that

|Ep∆Ŵ δ
k q| ` |Epp∆Ŵ δ

k q
3
q| ` |Epp∆Ŵ δ

k q
2
q ´ δ| “ Opδ2q (3.4)

Then, the Simplified Weak Euler Scheme is given by taking (3.2) with ∆W δ
k`1 replaced by ∆Ŵ δ

k`1.

A straightforward calculation shows a two-point distribution satisfies the constraint of Algorithm 2. Of-

ten, this two-point distribution is preferred to Algorithm 1 for weak approximations because it is cheaper

to sample and has bounded increments:

Lemma 9. We have independent ∆Ŵ δ
j s.t. Pp∆Ŵ δ

j “ ˘
?
δq “ 1{2 satisfies the condition (3.4).

We now present a result due to [MP91], which shows that if the drift a and covariance B “ bbJ
are

slightly more than twice continuously differentiable, then the weak Euler scheme converges with weak

order β “ 1.0. We writeHprq

T for the parabolic Hölder class of order r on r0, T s ˆ Rd
; in particular, when

r ą 2, the functions have two spatial derivatives and one time derivative with the corresponding Hölder

remainder estimates.

Theorem 10 (Mikulevičius–Platen). Let X “ pXtq0ďtďT be a d-dimensional Itô diffusion process given by
(3.1) and define the covariance matrix:

Bpt, xq :“ bpt, xqbpt, xq
J.
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Suppose that all moments of XT exist and that B is uniformly elliptic, i.e. there exists λ ą 0 s.t.

ξJBpt, xqξ ě λ|ξ|
2

(3.5)

for all t P r0, T s, x, ξ P Rd. Assume moreover, that for some l P p0, 3qzt1, 2u, we have a,B P Hplq
T ,

and that g P Hpl`2q. Let Y δ be a (weak) Euler approximation given by the Algorithm 2 with discretization
πδ “ pτk : 0 ď k ď Nq of r0, T s and step size δ ą 0. Then, we have

ˇ

ˇErgpXT qs ´ ErgpY δ
T qs

ˇ

ˇ “ Opδχplq
q (3.6)

where

χplq “

$

’

&

’

%

1{2, l P p0, 1q,

1{p3 ´ lq, l P p1, 2q,

1, l P p2, 3q.

(3.7)

Proof Sketch. The main idea of the proof is to first rewrite the Kolmogorov Backward Equation to an error

caused by freezing the coefficients in (3.2) and then using Hölder regularity to bound the total error. Let

L0 :“ Bt `

d
ÿ

i“1

aipt, xqBi `
1

2

d
ÿ

i,j“1

Bij
pt, xqBij

be the backward Kolmogorov operator associated to (3.1). From the uniform ellipticity of B and the para-

bolic Hölder regularity assumptions, the terminal value problem

L0v “ 0, vpT, xq “ gpxq,

has a unique solution v P Hpl`2q

T (see Thm 5.2, pg. 361 of [LSU68]). Moreover, for an appropriate weighted

interior norm }¨}Hpl`2q

T
, we have boundedness of the norm: }v}Hpl`2q

T
ď C}g}Hpl`2q . By Itô’s formula applied

to the exact diffusion X , we have

Ervp0, X0qs “ ErvpT,XT qs “ ErgpXT qs.

Let Y “ Y δ
denote the continuous Euler interpolation (one can extend to the case of the general incre-

ments by matching the required moments; we do not reproduce the separate moment-matching argument

here). Thus, for s P rτn, τn`1q, writing s̄ :“ τn, we have

dYs “ aps̄, Ys̄q ds ` bps̄, Ys̄q dWs.

Applying Itô’s formula to vps, Ysq, and using X0 “ Y0, gives

ErgpYT qs ´ ErgpXT qs “ ErvpT, YT qs ´ Ervp0, Y0qs

“ E
ż T

0

„

Btvps, Ysq `

d
ÿ

i“1

aips̄, Ys̄qBivps, Ysq `
1

2

d
ÿ

i,j“1

Bij
ps̄, Ys̄qBijvps, Ysq

ȷ

ds.

Since L0v “ 0, this becomes

ErgpYT qs ´ ErgpXT qs “ E
ż T

0

„ d
ÿ

i“1

`

aips̄, Ys̄q ´ aips, Ysq
˘

Bivps, Ysq `
1

2

d
ÿ

i,j“1

`

Bijps̄, Ys̄q ´ Bijps, Ysq
˘

Bijvps, Ysq

ȷ

ds.

turning the weak error into an error over the coefficients.

It remains to bound the two terms in the last display. The key estimate is Lemma 14.1.6 of [KP99], which

says that for f P Hplq
T ,

|E rfps, Ysq ´ fps̄, Ys̄q | Fs̄s| ď C}f}Hplq
T
δχplq.
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This estimate is proved by mollifying f in space and time, applying Itô’s formula to the mollified function,

and then optimizing the smoothing parameters. The optimization is precisely what produces the exponent

χplq in (3.7). To use the lemma, decompose, for example,

`

aips̄, Ys̄q ´ aips, Ysq
˘

Bivps, Ysq “ paiBivqps̄, Ys̄q ´ paiBivqps, Ysq ´ aips̄, Ys̄q
“

Bivps̄, Ys̄q ´ Bivps, Ysq
‰

,

and similarly for the terms involvingBijBijv. Since a,B P Hplq
T and v P Hpl`2q

T , the functions aiBiv, Biv,B
ij
,

Bijv, and Bijv all belong to Hplq
T . Hence Lemma 14.1.6 applies to each of these terms. Integrating over

s P r0, T s, and using the regularity bound on v, we obtain
ˇ

ˇErgpXT qs ´ ErgpY δ
T qs

ˇ

ˇ ď C}g}Hpl`2qδχplq
“ Opδχplq

q.

This proves the desired weak error estimate. □

3.3. Higher Order Schemes. We now (briefly) describe how one might obtain higher order weak ap-

proximations: the main idea is truncation of the Wagner–Platen expansion, a stochastic generalization of

the integral form of Taylor’s formula. The main idea is essentially a repeated application of Itô’s Lemma:

let f P CnpRq and Xt an Itô Diffusion on rt0, T s satisfying (3.1). By Itô’s Lemma, we have:

fpXtq “ fpXt0q `

ż t

t0

ˆ

apXsq
B

Bx
fpXsq `

1

2
b2pXsq

B2

Bx2
fpXsq

˙

ds `

ż t

t0

bpXsq
B

Bx
fpXsqdWs (3.8)

“ fpXt0q `

ż t

t0

L0fpXsqds `

ż t

t0

L1fpXsqdWs (3.9)

where we introduce the operators

L0 :“ a
B

Bx
`

1

2
b2

B2

Bx2
, L1

“ b
B

Bx

Now, for f ” x, we get obviously

Xt “ Xt0 `

ż t

t0

apXsqds `

ż t

t0

bpXsqdWs.

Then, repeated application of (3.9) to f “ a and f “ b, we obtain

Xt “ Xt0 `

ż t

t0

ˆ

apXt0 q `

ż s

t0

L0apXzq dz `

ż s

t0

L1apXzq dWz

˙

ds `

ż t

t0

ˆ

bpXt0 q `

ż s

t0

L0bpXzq dz `

ż s

t0

L1bpXzq dWz

˙

dWs

“ Xt0 ` apXt0 q

ż t

t0

ds ` bpXt0 q

ż t

t0

dWs ` R, (3.10)

where

R “

ż t

t0

ż s

t0

L0apXzq dz ds `

ż t

t0

ż s

t0

L1apXzq dWz ds `

ż t

t0

ż s

t0

L0bpXzq dz dWs `

ż t

t0

ż s

t0

L1bpXzq dWz dWs.

This gives us the simplest, lowest order stochastic Taylor expansion. One can then straightforwardly

extend this for higher orders by applying (3.9) to f “ L1b (or L1a, L0a, L0b). We state the general result

(which requires some more careful bookkeeping) in the Appendix.

From here, one can obtain higher order approximations by adding more terms in the Wagner–Platen

expansion. For example, by keeping all terms involving double stochastic integrals, one obtains the order
2.0 weak Taylor scheme (see Algorithm 3 in the Appendix). Further schemes can then be developed by

using the Taylor expansion to guess an approximate form and then check one of several sufficient moment

conditions to determine if the scheme is of a desired order (see for example Theorem 14.5.2 of [KP99]).
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4. Variance Reduction Methods

In the previous section, we analyzed the discretization error associated with the Monte Carlo estimator

in (2.7). We now turn our attention to the second term in the bias–variance decomposition (2.8) and

consider the problem of constructing an estimator with reduced variance.

The intuition is as follows: we may have that Xt P Bt for some measurable region Bt with high prob-

ability, but the value of the functional ψpXtq may be small in that region. The key idea is to make an

appropriate change of measure using Girsanov’s theorem to get an estimator satisfying

ErgpX̃tqΘs “ ErgpXT qs

for an appropriate Radon–Nikodym derivative Θ and modified Itô process X̃ . We shall see that for an

appropriate choice of X̃ , we can control (and greatly reduce) the sample variance.

4.1. Girsanov Change of Measure. Let θ “ pθtq0ďtďT be an Rm
-valued adapted process satisfying

Novikov’s criterion (see [LeG16] Thm. 5.23):

E
„

exp

ˆ

1

2
xLy8

˙ȷ

“ E
„

exp

ˆ

1

2

ż T

0

|θs|
2 ds

˙ȷ

ă 8.

We then recall that the stochastic exponential

Θt :“ exp

ˆ
ż t

0

θs ¨ dWs ´
1

2

ż t

0

|θs|
2 ds

˙

(4.1)

is a u.i. martingale for 0 ď t ď T . By Girsanov’s Theorem, we also have that under the tilted measure Pθ

defined by dPθ “ ΘTdP, that the drifted Wiener processW θ
t given by

dW θ
t :“ dWt ´ θtdt (4.2)

is a Wiener process under Pθ
(see Section 5.6 of [LeG16]).

It is useful to denote the inverse likelihood ratio by

Zθ
t :“

dP
dPθ

ˇ

ˇ

ˇ

ˇ

Ft

“ exp

ˆ

´

ż t

0

θs ¨ dW θ
s ´

1

2

ż t

0

|θs|
2 ds

˙

. (4.3)

Under Pθ
, the controlled diffusion is

dXθ
t “

`

apXθ
t q ` σpXθ

t qθt
˘

dt ` σpXθ
t q dW θ

t , Xθ
0 “ x. (4.4)

Therefore, for a given test function ψ P C
2pβ`1q

P pRd;Rq that (where we denote by Eθ the expectation with

respect to Pθ
):

ErψpXtqs “ EθrψpXθ
t qZθ

t s. (4.5)

In particular, we can rewrite our Feynman–Kac solutions as follows:

Corollary 11 (Controlled Feynman–Kac). Under the assumptions of Theorem 1, the solution to (2.2) can be
written as

upt, xq “ Eθ

”

e´
şt
0 qpXθ

s q dsfpXθ
t qZθ

t

ı

. (4.6)

The rewriting (4.6) of upt, ¨q has the practical benefit of allowing one to control the weighting term

Zθ
T to concentrate on regions of importance. This method is thus often referred to as Drift-Based Impor-

tance Sampling or Controlled Feynman–Kac in the context of PDE solvers. A corresponding Monte–Carlo

estimator ûθM can then be written as follows:
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puθMpT, xq :“
1

M

M
ÿ

r“1

e´
şT
0 qpX

prq
s q dsfpX

prq

T qZ
θ,prq

T , Eθrpu
θ
MpT, xqs “ upT, xq, (4.7)

whereXprq
are independent samples of (4.4) under Pθ

, andZ
θ,prq

T are the corresponding likelihoodweights.

This estimator can be simulated numerically in an analogous way to as described in Section 2.

4.2. The Zero-Variance Drift. How does one construct ΘT such that the corresponding estimator (4.7)

has low variance? The following result due to [Mil95], is interesting from a theoretical point of view:

let X be an Itô diffusion satisfying (1.8) and suppose upt, xq ą 0 everywhere. We show that, at least

theoretically, one can construct a drift such that the reweighted sampler draws paths in such a way that

the reweighting term Zθ
T exactly cancels the sampling bias.

Proposition 12 (Zero-Variance Guiding Drift). Define the backward process hpt, xq :“ upT ´ t, xq and
suppose that h is positive and smooth. Suppose the drift

θ˚
t “ σpXtq

J∇ log hpt,Xtq. (4.8)

satisfies Novikov’s criterion. Then, the corresponding drifted SDE

dXt “ papXtq ` σpXtqθ
˚
t q dt ` σpXtqdW

θ˚

t , X0 “ x, (4.9)

has a Girsanov estimator that is constant:

e´
şT
0 qpXsq dsfpXT qZθ˚

T “ hp0, xq “ upT, xq Pθ˚

-a.s. (4.10)

Proof. By Remark 3 we note that h is the unique solution to (2.2) with boundary condition vpT, xq “ fpxq.

Let θ˚
be as defined in (4.8). Under the tilted measure Pθ˚

, Itô’s lemma gives

dplog hpt,Xtqq “

„

Bth ` Lh
h

pt,Xtq ` αt ¨ θ˚
t ´

1

2
|αt|

2

ȷ

dt ` αtdW
θ˚

t

“

„

qpXtq `
1

2
|θ˚

t |
2

ȷ

dt ` θ˚
t dW

θ˚

t ,

where we used Bth ` Lh “ qh. Integrating from 0 to T and using hpT,XT q “ fpXT q, we get

log fpXT q ´ log hp0, xq “

ż T

0

qpXsq ds `

ż T

0

θ˚
s ¨ dW θ˚

s `
1

2

ż T

0

|θ˚
s |

2 ds.

Rearranging and exponentiating both sides gives

hp0, xq “ e´
şT
0 qpXsq dsfpXT q exp

ˆ

´

ż T

0

θ˚
s ¨ dW θ˚

s ´
1

2

ż T

0

|θ˚
s |

2 ds

˙

“ e´
şT
0 qpXsq dsfpXT qZθ˚

T .

This proves (4.10). Hence the estimator is equal to the deterministic constant hp0, xq “ upT, xq almost

surely under Pθ˚

, and therefore its variance is zero. □

Remark 13. In practice, the construction of the optimal drift θ˚
in Proposition 12 is tautological as it

requires knowledge of the exact u that we are trying to estimate. Nevertheless, the above result shows

that it is possible to obtain a substantial reduction in variance by choosing an appropriate reweighting

of the estimator. A practical way of implementing such a method, would be to use a preexisting (rough)

estimate ū of u to calculate the appropriate importance sampling weights.
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5. Conclusions and Bibliographical Notes

In this paper, we described a Monte–Carlo approach to solving a wide class of parabolic Cauchy prob-

lems by utilizing the Feynman–Kac formula. In particular, by utilizing Feynman–Kac, we were able to

construct an estimator based on a sample mean of the functionals of approximated diffusions. We then

analyzed the discretization errors of such estimators through the lens of weak convergence. Finally, we

discussed variance reduction through a measure transformation method based on Girsanov’s theorem.

There are many more important topics in the theory of numerical SDEs that we have sacrificed for the

sake of brevity in this paper. In Section 2, for example, we considered only a time-homogenous form of

Feynman–Kac for simplicity of presentation. For more general formulations of the statement for broader

boundary conditions or Feller processes, we refer the reader to [Lal; KS91]. In Section 3, we consid-

ered only explicit time-discrete approximations for diffusive Itô SDEs and ignored stability concerns. For

further discussion on the strong scheme, stability considerations, and an overview of implicit methods,

extrapolation methods, and predictor-corrector methods, we refer the reader to Chapters 14-15 of [KP99],

while for generalizations to SDEs with Poisson jumps, we refer the reader to [PB10]. In Section 4, we

considered only variance reduction methods based on a change of measure. Further variance reduction

methods, for example based on the more broad theory of Monte–Carlo integration, and the construction

of unbiased estimators is discussed further in Chapter 16 of [KP99].
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Appendix: The Wagner-Platen Expansion

5.1. Iterated Itô Integrals. We begin by introducing some notation to simplify bookkeeping:

Definition 14 (Multi-indices). Let M denote the set of all finite tuples

α “ pj1, . . . , jℓq, ji P t0, 1, . . . ,mu,

together with an “empty” tuple v. We refer to such tuples l as “multi-indices”. We write lpαq “ ℓ for
the length of α, and npαq for the number of zero entries in α. By convention lpvq “ npvq “ 0. If

α “ pj1, . . . , jℓq ‰ v, we write

´α “ pj2, . . . , jℓq, α´ “ pj1, . . . , jℓ´1q,

with the convention that deleting the only entry gives v.

We now introduce a notion of an “iterated” or “multiple” Itô integral:

Definition 15 (Multiple Itô integrals). For an adapted process H , stopping times ρ, τ such that 0 ď ρ ď

τ ď T a.s., and a multi-index α “ pj1, . . . , jℓq, define IαrHsρ,τ recursively by

IvrHsρ,τ “ Hτ ,

and, for ℓ ě 1,

IαrHsρ,τ “

$

’

’

’

&

’

’

’

%

ż τ

ρ

Iα´rHsρ,s ds, jℓ “ 0,

ż τ

ρ

Iα´rHsρ,s dW
jℓ
s , jℓ P t1, . . . ,mu.

When H ” 1, we simply write Iα for Iαr1sρ,τ .

Intuitively, an index 0 in the multi-index represents integration with respect to time, while indices

1, . . . ,m represent integration with respect to the corresponding Wiener coordinates. Thus, for instance,

Ip0q “ τ ´ ρ, Ipjq “ W j
τ ´ W j

ρ ,

and

Ipi,jq “

ż τ

ρ

ż s2

ρ

dW i
s1
dW j

s2
,

with the convention dW 0
s “ ds.
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5.2. Itô Coefficient Functions. We next introduce the differential operators which appear as stochastic

Taylor coefficients. Let Bpt, xq “ bpt, xqbpt, xqJ
. Define

L0
“ Bt `

d
ÿ

i“1

aipt, xqBi `
1

2

d
ÿ

i,k“1

Bikpt, xqBik,

Lj
“

d
ÿ

i“1

bji pt, xqBi. j P t1, ¨ ¨ ¨ ,mu

These operators act componentwise on vector-valued functions.

Definition 16 (Itô coefficient functions). Consider α P M and f P CqpR` ˆRd;Rrq for q “ lpαq `npαq.

We define the Itô coefficient function fα recursively by

fα “

#

f, α “ v

fα “ Lj1f´α α “ pj1, . . . , jℓq ‰ v.

5.3. The General Wagner–Platen Expansion. We now state the main theorem of this section:

Theorem 17 (Wagner–Platen Expansion). Let A Ă M be a finite hierarchical set, meaning that v P A and
´α P A whenever α P Aztvu. Define the remainder index set

BpAq :“ tα P MzA : ´α P Au.

If f , a, and b are sufficiently smooth so that all terms below are well-defined, then for stopping times ρ ď τ ,

fpτ,Xτ q “
ÿ

αPA

Iαrfαpρ,Xρqsρ,τ `
ÿ

αPBpAq

Iαrfαp¨, X¨qsρ,τ .

For numerical purposes, one chooses a finite hierarchical set A and drops the remainder. The Wagner–

Platen expansion corresponds to taking

AWP “tv, p0q, p0, 0qu

Y tpjq, pj, 0q, p0, jq : 1 ď j ď mu

Y tpj1, j2q : 1 ď j1, j2 ď mu

Y tpj1, j2, j3q : 1 ď j1, j2, j3 ď mu.

Taking fpt, xq “ x, setting ρ “ t, τ “ t ` h, and writing Iα “ Iαr1st,t`h, the expansion becomes

Xt`h “ Xt ` a Ip0q `

m
ÿ

j“1

bj Ipjq `

m
ÿ

j1,j2“1

Lj1bj2 Ipj1,j2q `

m
ÿ

j“1

`

Lja Ipj,0q ` L0bj Ip0,jq

˘

`

m
ÿ

j1,j2,j3“1

Lj1Lj2bj3 Ipj1,j2,j3q ` L0a Ip0,0q ` RWP. (5.1)

Here all coefficient functions are evaluated at pt,Xtq, and

RWP “
ÿ

αPBpAWPq

Iαrxαp¨, X¨qst,t`h,

where xpt, xq “ x. Under the usual smoothness and polynomial growth assumptions, the one-step re-

mainder satisfies

}RWP}L2 “ Oph2q.
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Consequently, the scheme obtained by dropping RWP is the Wagner–Platen scheme, a strong Taylor

scheme of order 3{2. Equivalently, on a grid 0 “ t0 ă ¨ ¨ ¨ ă tN “ T with hk “ tk`1 ´ tk, the Wagner–

Platen scheme is

Yk`1 “ Yk ` a Ip0q `

m
ÿ

j“1

bj Ipjq `

m
ÿ

j1,j2“1

Lj1bj2 Ipj1,j2q `

m
ÿ

j“1

`

Lja Ipj,0q ` L0bj Ip0,jq

˘

`

m
ÿ

j1,j2,j3“1

Lj1Lj2bj3 Ipj1,j2,j3q ` L0a Ip0,0q. (5.2)

In (5.2), the multiple Itô integrals are taken over rtk, tk`1s, and all coefficient functions are evaluated at

ptk, Ykq.

5.4. Higher Order Weak Schemes. We conclude the appendix by giving an example of a higher order

weak-scheme taken by adding the double integral terms in theWagner–Platen expansion. To avoid exces-

sive notation, we describe only the autonomous scalar case d “ m “ 1 with deterministic times tn “ nδ.
We denote

∆Zn :“ Ip1,0q “

ż tn`1

tn

ż s

tn

dWr ds “

ż tn`1

tn

pWs ´ Wtnq ds.

Ip1,1q “
1

2

`

p∆Wnq
2

´ δ
˘

, Ip0,1q “ δ∆Wn ´ ∆Zn, Ip0,0q “
δ2

2
.

Substituting these identities into the scalar Itô–Taylor expansion gives the following scheme.

Algorithm 3 (Order 2.0 Weak Taylor Scheme). Let δ ą 0 be given. Consider previsible, independent
∆Wn,∆Zn such that

∆Wn “ Wtn`1 ´ Wtn , ∆Zn “

ż tn`1

tn

pWs ´ Wtnq ds.

Equivalently, one may generate this Gaussian pair by taking independent standard normal random variables
ξn, ηn and setting

∆Wn “
?
δ ξn, ∆Zn “

δ

2
∆Wn `

c

δ3

12
ηn.

The order 2.0 weak Taylor scheme is then

Yn`1 “ Yn ` aδ ` b∆Wn `
1

2
bb1

`

p∆Wnq
2

´ δ
˘

` a1b∆Zn

`
1

2

ˆ

aa1
`

1

2
a2b2

˙

δ2 `

ˆ

ab1
`

1

2
b2b2

˙

pδ∆Wn ´ ∆Znq , (5.3)

where all coefficients and derivatives are evaluated at Yn.

As in Algoirthm 2, we remark that the increments variables∆Wn and∆Zn may be replaced by simpler

variables provided that the required joint moments are matched to sufficiently high order.
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